Introduction
Along the lines of the theory Austin and Braam [5] developed for instanton homology, we construct an equivariant version of the Seiberg-Witten Floer homology, in order to deal with the presence of reducibles in the moduli space of solutions of the three-dimensional Seiberg-Witten equations. Reducibles arise in the case of a rational homology sphere: unlike the case with non-zero Betti numbers, they cannot be perturbed away just by adding a co-closed 1-form to the curvature equation. We prove the invariance of this equivariant homology with respect to the metric and we investigate the relation to the non-equivariant Seiberg-Witten Floer homology when the latter is defined. This leads to a wall crossing formula for the associated Casson-type invariant in the case of homology spheres.
Three dimensional Seiberg-Witten theory
Suppose given a three-manifold Y with a Spin c structure S ⊗ L. Consider the space A of pairs (A, ψ), where A is a U (1) connection on the line bundle L and ψ is a section of S ⊗ L, with a fixed L 2 p -Sobolev completion. The functional
was first introduced by Kronheimer and Mrowka in the proof of the Thom conjecture [16] . It is defined on the space A of connections and sections and it is invariant under the action of the identity component G of the gauge group. The first order increment of this functional defines a 1-form on the L 
Thus the gradient flow of the functional (1) is given by the pairs of connections and sections on Y × IR (with the pullback spinor bundle) that are in a temporal gauge and satisfy the equations
and
where the 1-form σ(ψ, ψ) is given in local coordinates by 1 2 < e i ψ, ψ > e i . See [3] , [4] , [20] , [24] for details. These equations represent the three dimensional reduction of the equations on four-manifolds introduced by Witten [25] . For a general overview of the Seiberg-Witten theory on four-manifold see [10] , [21] , [22] , [23] .
The critical points of the functional C are pairs (A, ψ) that satisfy
The deformation complex that gives the virtual dimension of the critical set modulo gauge transformations is given by
with an index zero Fredholm operator
defined between the L 
is the infinitesimal action of the gauge group and the map T is the linearization of the equation (5) at a pair (A 0 , ψ 0 ),
The Hessian of the functional C is given by a quadratic form in the increment (α, φ) ∈ T A, ∇F | (A,ψ,ρ) (α, φ) =< α, − * dα + σ(ψ, φ) > + < φ, ∂ A φ + iαψ > .
This defines an operator on the L 
where f is the unique zero form f ∈ Λ 0 (Y ) such that G * (Q(α, φ)) = 0.
The operatorT coincides with T of (8) up to zero order operators. In particular, on the tangent space to a solution, by elliptic regularity, the operator Q maps the L 2 p -tangent space to itself and is essentially self adjoint. As in the case of Donaldson theory [1] , it is a first order elliptic operator, hence its spectrum is not in general bounded ¿from below, and this affects the definition of the index of critical points.
Floer homology
There are two disjoint situations in which the Seiberg-Witten Floer homology can be defined. They have been considered in [20] and [24] respectively. The easiest case is when reducibles can be perturbed away by adding a generic coclosed 1-form, as in [20] . This is the case when the manifold Y has non-trivial b 1 (Y ). In this case, by adding a perturbation to the functional
we obtain the perturbed critical point equations
where ρ is a co-closed 1-form.
For an open set of small perturbations, the perturbed equations (12) do not admit reducible solutions. Moreover by the Sard-Smale theorem it is possible to prove that for a generic choice of ρ the corresponding M is a smooth manifold that is cut out transversely [20] and hence a finite set of points by compactness. All the moduli spaces come with a natural orientation defined by the determinant line bundle of the Fredholm linearization, as in [12] .
The more complicated case is when Y is a homology sphere. In that case there is always a reducible solution. Namely, the perturbation ρ can be written as ρ = * dω and the equations (12) admit a solution (ω, 0). However, a perturbative argument based on the analysis of the local Kuranishi model [24] shows that the reducible solution is isolated and non-degenerate, provided the metric has Ker(∂) = 0. This condition is satisfied by a generic set of metrics, since the Dirac operator has index zero on the three-manifold Y .
The Floer complex has generators
where M ′ is the irreducible part of the moduli space of critical points.
The boundary operator is given by
where ǫ(a, b) is the algebraic sum over the paths joining a and b of the signs given by the orientation,
where M(a, b) is the set of solutions modulo gauge transformations of suitably perturbed gradient flow equations,
on the manifold Y × IR with the product metric g 0 + dt 2 . The spaceM(a, b) is the quotient of M(a, b) by the action of IR by translations. A description of the perturbation q t is given in the following subsection.
The property that ∂ • ∂ = 0 relies on a gluing formula that follows from an accurate analysis of the properties of the gradient flow moduli space M(a, b), as in the case of Donaldson theory [14] .
The ordinary Floer homology is defined as the homology of the complex (C, ∂), SW F * (Y ) = H * (C, ∂).
Transversality of M(a, b)
It can be shown that M(a, b) is a smooth manifold which is cut out transversely, and hence it has the dimension prescribed by the index theorem. This property depends on an accurate choice of a class of perturbations for the gradient flow equations. Suppose a and b are irreducible critical points for the functional perturbed with a chosen 1-form ρ. Choose smooth representatives (A 1 , ψ 1 ) and (A 2 , ψ 2 ) of the gauge classes a and b. These satisfy the equations (12) .
Denote by
lim t→+∞ (A, ψ) lies in the gauge orbit of (A 2 , ψ 2 ),
Note that condition (3) implies that the solutions on Y × IR approach critical points of the functional at ±∞ as proved in [20] . It is easy to see that the tangent space of
with the Sobolev norms L 2 p,0 introduced in [19] (see also [14] ). The class of perturbations we consider for the gradient flow equations is the space of maps
such that the linear increment
is a bounded operator
The perturbed gradient flow equations (14) and (15) are
where q is an element of P and q t = q(A(t), ψ(t)). Clearly the equations (14) and (15) are invariant with respect to the action of IR by translations along the gradient flow lines, that is if (A(t), ψ(t)) is a solution of (14) and (15) , then (A(t + s), ψ(t + s)) is also a solution for any s ∈ IR.
In the case of a homology sphere the perturbation can be taken of the form
Proposition 2.1 When a and b are irreducible critical points of C ρ , for a generic choice of the perturbation ρ, the moduli space M(a, b) of gradient flow lines is a smooth manifold of dimension
where µ(a) − µ(b) is the relative Morse index of the critical points.
Proof:
Let M(a, b) be the moduli space of solutions to the gradient flow equations (14) and (15) 
The linearization of the equations (14) and (15) is given by the operator
defined on the space
Here Θ is the linearization of the perturbation q ∈ P and p is an element of P.
Since with the chosen Sobolev norm the linearization Θ with values in L 2 p,0 (IR, Ω 1 (Y, iIR)) is a compact operator, the operator ∂ ∂t + L + Θ is Fredholm. Thus it has closed range, hence in order to prove that the linearization is surjective it is sufficient to prove that it has dense range.
Suppose given an element (β, ξ) that is L 2 p -orthogonal to the range of the operator ∂ ∂t + L + Θ. By ellipticity we have that (β, ξ) lives in L 2 p+1,0 , since it is in the kernel of the adjoint of the linearization operator. Thus it is not hard to see that by varying p ∈ P we force β ≡ 0. The rest of the argument then follows as in [20] , lemma 2.4.
This implies that the parametrized moduli space Mod of triples (A, ψ, q) in
that satisfy the equations (14) and (15) modulo gauge has virtual tangent space given by Ker( ∂ ∂t +L+Θ). The moduli space M(a, b) with a generic perturbation q ∈ P is the inverse image under the projection map from Mod to P of a regular value. Thus M(a, b) is a smooth manifold which is cut out transversely. Transversality ensures that the linearization ∂ ∂t +L at a solution also is surjective. A similar perturbation of the gradient flow equations has been introduced by Froyshov [15] .
The relative Morse index is defined as the spectral flow of the family of operators L (A(t),ψ(t),qt) parametrized by t, that is the index of the operator ∂ ∂t + L. The relative Morse index equals the virtual dimension of the moduli space as shown in [20] and [24] . QED
In the case where Y is a homology sphere we construct the Floer homology by considering only irreducible critical points. Thus we also need to ensure that no gradient lines can connect an irreducible critical point to the unique reducible solution. This has been proved in [24] . In fact one can show that the following gluing formula holds. 
If Y is a homology sphere and θ = (ω, 0) is the unique reducible critical point, there is a local diffeomorphism
In this case U (1) is the stabilizer of the reducible solution θ = (ω, 0).
A proof of this lemma can be found in [20] and [24] . The result has an immediate corollary. 
The Floer homology groups are defined as
In the case with non-trivial b 1 (Y ), under the assumption that b 1 (Y ) > 1, these groups can be proved to be independent of the metric and of the perturbation. In fact a chain map and a chain homotopy are constructed by a cobordism argument between moduli spaces for two different metrics and perturbations.
In the case with b 1 (Y ) = 1 one expects to find a dependence on the choice of the perturbation. A similar dependence was detected in [4] in the case of the invariant of three-manifolds obtained by counting points in M with the orientation. In [20] it is proved in the case b 1 (Y ) > 0 that this invariant is in fact the Euler characteristic of the Floer homology. The same invariant was introduced in [8] and [9] following the Quantum Field Theory formulation of Seiberg-Witten theory.
In the case of a homology sphere the metric dependence problem is more complicated. In fact due to the reducible solution a cobordism argument does not work and more generally the construction of a chain homotopy can fail due to the presence of moduli spaces of gradient flow lines that connect the irreducibles to the reducible critical point. The space of metrics and perturbations breaks into chambers with codimension-one walls, so that the Floer groups are isomorphic for metrics that belong to the same chamber and are in general nonisomorphic when the metric crosses a wall. We shall discuss the wall-crossing phenomenon later in this work.
The Floer homology for the case when Y is a rational homology sphere cannot be defined with a similar technique. In fact the reducible part of the set of critical points M will no longer consist of one isolated point with nondegenerate Hessian. Thus we need to work in the equivariant setup.
3 Framed moduli space Definition 3.1 Let x 0 be a fixed base point in Y . We define the space B 0 to be the quotient of A with respect to the action of the subgroup G 0 ⊂ G of the gauge trasformations that act as the identity on the fibre of S ⊗ L over x 0 . This space B 0 is our framed configuration space.
The action of the group G 0 on A is free, therefore the space B 0 is an infinite dimensional Banach manifold (using a fixed L 2 p norm) that carries a residual U (1) action. There is a fibration B 0 → B over the unframed configuration space with fibre U (1).
The solutions of the three dimensional Seiberg-Witten equations (3) and (4) in B 0 form the framed moduli space M 0 , that is the critical set of the functional (1) modulo based gauge transformations.
As in the case of Donaldson theory [11] , an equivalent description of the framed configuration space can be given as the triples (A, ψ, φ) with (A, ψ) ∈ A and φ a unit vector in the fibre S ⊗ L| x0 . The full gauge group acts freely on this space. Solutions of the Seiberg-Witten equations in this configuration space modulo the full gauge group provide another model of framed moduli space. This has been used in [3] and [4] . We use the description given in definition 3.1, since M 0 has an explicit U (1) action which allows us to work equivariantly.
Since the action of the base point preserving gauge transformations on A is free, there are no reducibles in M 0 . However, the framed moduli space is the zero set of a functional, hence it is not in general a smooth manifold, unless the functional is perturbed in some generic way. In particular even if it is a smooth manifold, it might not be cut out transversely. This means that the actual dimension of M 0 might be larger than the virtual dimension.
The reducibles in the unframed moduli space M correspond exactly to the fixed point set for the U (1) action on M 0 .
The unframed moduli space is the union of a reducible and an irreducible part. If we consider the unperturbed equations, then the reducible part has a simple description as the space of flat U (1) connections modulo gauge. These are the representations of π 1 (Y ) into U (1), that is the torus H 1 (Y, IR)/H 1 (Y, Z Z) together with a discrete set of points that arise from the torsion part of H 1 (Y, Z Z). We know that M is compact. However, in this unperturbed case we cannot guarantee that it is a smooth manifold. In particular it might happen that the reducible and the irreducible part are not separate in the configuration space.
Lemma 3.2 In the unperturbed case, the virtual tangent space of M at a reducible solution (A, 0) is given by
This follows by looking at the linearization (6). Thus, if Ker(∂ A ) is nontrivial, the reducible component has a virtual dimension which is larger than the one expected in order to have a smooth manifold isolated from the other components of M. This problem can be easily overcome in the case of a three manifold with non-trivial Betti numbers.
Lemma 3.3 If Y has non-trivial b
1 (Y ) and the functional C is perturbed with a co-closed 1-form ρ, then the set of critical orbits in B 0 contains no reducibles and the Hessian of the perturbed functional C ρ is non-degenerate in the direction normal to the critical U (1)-orbits.
Proof: If the line bundle L that defines the Spin c structure has non-trivial Chern number we can perturb the equations with a generic co-closed 1-form ρ. This makes the irreducible part of M into a manifold of virtual dimension zero that contains no reducible solutions [20] . Moreover, if the Chern number c 1 (L) is trivial, the same result can be achieved by perturbing with a harmonic 1-form.
QED
When b 1 (Y ) = 0 we still have a reducible component that has virtual tangent space given by Ker(∂ A ) and the perturbation ρ does not ensure that the reducible and irreducible components of the moduli space M are separate. In this perturbed case the reducible part of M is given by the set of U (1) connections satisfying the equation * F A = 2iρ. The corresponding framed moduli space will be a union of circles over the points of the irreducible moduli space, and a copy of the reducible part. This is explained in the next section.
Suppose we are in the case where the linearization is surjective, hence the moduli space is a smooth submanifold of the appropriate dimension in the Banach manifold B 0 . As in the unframed case, elliptic regularity implies that there
, hence we can represent elements of M 0 by smooth solutions.
Morse-Bott condition
In order to apply the analogue of the finite dimensional equivariant Morse theory [6] , we need C to be a Morse-Bott function. Therefore we have to ensure that the Hessian is non-degenerate on the normal bundle to the critical U (1)-orbits.
But each point of the reducible manifold in M 0 is an orbit, since the reducibles are fixed points of the U (1)-action. Thus the fact that the tangent space to the reducible manifold is non trivial and the relation between the linearization L defined in (6) and the Hessian imply that the Hessian vanishes exactly along the virtual tangent space. In this case the functional C is not a Morse-Bott function.
We can make it into a Morse-Bott function by choosing a perturbation of the functional and a generic metric.
Theorem 4.1 Let Y be a rational homology sphere. Suppose we choose a perturbation by a co-closed 1-form ρ and a generic metric. Then the framed moduli space M 0 will be made of a disjoint union of finitely many circles (corresponding to the irreducible part of the unframed M) and finitely many points (the reducibles). Moreover the functional C ρ satisfies the Morse-Bott condition, namely the Hessian is non-degenerate in the normal directions to the critical orbits that form the set M 0 .
Proof: The choice of a perturbation ρ = * dω makes the reducible critical set into the finitely many solutions modulo gauge of
namely flat U (1) connections modulo gauge. These are representations of the π 1 (Y ) into U (1), hence they are identified with the finitely many elements in the group H 1 (Y, Z Z). The irreducible critical set is a zero dimensional manifold if the perturbation is generic. Still there is a problem since the kernel of the Hessian at a reducible critical point is identified with Ker(∂ A ), hence C ρ is not a Morse-Bott function. However, for a generic metric the kernel of ∂ A will be trivial for all the finitely many connections modulo gauge that satisfy (16) . Hence for a generic metric C ρ is a Morse-Bott function. QED Corollary 4.2 Let Y be a rational homology sphere. After perturbing and choosing a generic metric, the reducible and the irreducible part of M are separate in B. Therefore the framed moduli space M 0 consists of finitely many circles and of finitely many points that are fixed by the U (1) action.
Proof: As a consequence of theorem 4.1 we have that the irreducible part of M is a zero dimensional manifold and that there are only finitely many reducible solutions modulo gauge at which Ker(∂ A ) is trivial. We want to show that no sequence of irreducible solutions can converge to a reducible solution. We can apply the same perturbative argument used in [24] , based on the local Kuranishi model. In fact if (A, ψ) is an irreducible solution which is sufficiently close to a reducible solution (A 0 , 0), then we have an expansion
Using the equation (12) and the condition that Ker(∂ A0 ) = 0 we get that ψ i ≡ 0 for all i, in contradiction with the assumption that (A, ψ) is an irreducible solution. The result now follows from the compactness of M. QED Remark 4.3 The condition that Ker(∂ A ) = 0 for all the finitely many points of the reducible critical set breaks the space of metrics into chambers, and the Floer groups can be expected to change when crossing a wall corresponding to metrics with non-trivial Ker(∂ A ). The problem of possible dependence of the metric in this case was already addressed by Donaldson in [10] . This point requires a separate discussion and we shall return on it in another section of this work.
Gradient flow lines
Denote by O a the critical orbit in M 0 that corresponds to a ∈ M. From 
is an irreducible solution of (14) and (15) that approaches a at −∞ and b at +∞.
Notice that the relative Morse index is well defined. In fact, given another path (A ′ (t), ψ ′ (t)) in the framed space of flow lines A L 2 p (a, b) modulo based gauge transformations, we only need to check that the spectral flow of the lin-
is the same as the spectral flow at (A, ψ). This follows since we consider the image of the solutions in the unframed configuration space, and it has been proved [20] 
Proof: The virtual dimension can be estimated as in the non-equivariant case from the appropriate gluing formula 5.6 and it turns out to be B(a, b) . The groups G a is the stabilizer of a, hence either U (1) or the trivial group.
that we also denote by e 
Lines connecting reducibles
In the case of gradient flow lines between irreducible critical orbits the same argument illustrated in the non-equivariant case can be carried through to show that the moduli space M(O a , O b ) is a smooth manifold with the expected dimension, as stated in 5.3.
In this subsection we show that the result can be extended to the case of lines that connect two reducible critical orbits.
Proposition 5.4 Suppose given T 1 and T 2 with T 2 >> T 1 , and (A(t), ψ(t)) a solution for the perturbed Seiberg-Witten equations (14) and (15) 
There are positive constants ǫ, δ, and C, such that, whenever (A, ψ) is ǫ-close to a critical point (A 0 , ψ 0 ), there is an exponential decay estimate
is sufficiently close to the critical point (A 0 , ψ 0 ) when T → ∞, we have that (A(t), ψ(t)) decays to (A 0 , ψ 0 ) exponentially. There is a similar exponential decay for a finite energy solution (A(t), ψ(t)) when T → −∞.
This result that has been proven in [3] and [24] and is useful in order to prove the following theorem. Proof: Let us consider the gradient flow equations (3) and (4) on Y × IR. In the case of a small perturbation q t the argument will not change. If there were a reducible solution, then we could represent it by a connection A(t) in a temporal gauge, such that A(t) − A 0 is a co-closed 1-form. Moreover, A(t) would satisfy equation (4) which is rewritten in this case as
If Y is a rational homology sphere there are no harmonic forms, hence the operator * d restricted to the kernel of d * is invertible. Thus we can split the space Ker(d * ) into positive and negative eigenspaces for * d,
Let us consider the equation for A(t) separately on the intervals (−∞, 1) and (−1, +∞). The exponential decay ensured by proposition 5.4 forces the bounday conditions to be x 1 ∈ H + and x −1 ∈ H − respectively. But this contradicts the fact that * d is invertible, since some eigenvalue would have to cross zero.
Transversality holds as in the non-equivariant case, upon choosing a generic perturbation q ∈ P. Moreover, the dimension of
QED
Proposition 5.4 also ensures that no reducible solution on Y × IR arises as a gradient flow line connecting a reducible to an irreducible or two irreducible critical points. A decay estimate as in proposition 5.4 can be used to prove the following theorem.
Theorem 5.6 Suppose given a, b and c in M with
Assume that b is irreducible. Then for large enough T there is a local diffeomorphismM
If b is reducible, then O b is just a point and there is a local diffeomorphism
We have the analogue of corollary 2.3 in this case.
Corollary 5.7 Suppose a is a reducible critical point in M and b any point in M. Then after a generic perturbation
As in the non-equivariant case, we have a compactification of M(O a , O b ) which is given as follows. 
Here the union is over all possible sequences of the critical points c 1 , · · · c k with decreasing indices. The endpoint maps e 
The equivariant complex
Let us recall briefly the construction of the deRham model for U (1)-equivariant cohomology (and homology) on a finite dimensional manifold with a U (1) action. The main reference is [2] .
Let W be the Weil algebra of the Lie algebra iIR of U (1). This is a free commutative graded algebra in one generator θ of degree 1 and one generator Ω of degree 2, with differential δ that satisfies δθ = Ω δΩ = 0.
Let M be a manifold with a U (1) action. Consider the complex
Here T is the vector field on M generated by the infinitesimal U (1) action and c is the unique derivation in W that satisfies
We choose a subcomplex of C * by taking the cochains on which c + c(T ) and L(T ) vanish, where L(T ) is the Lie derivative. Let us call this subcomplex Ω *
U(1) (M ). An alternative description of the complex Ω
where Ω *
(M ) are deRham forms that are annihilated by the Lie differentiation L(T ). The cohomology H
) is isomorphic to the equivariant cohomology with real coefficients,
In order to compute equivariant homology with real coefficients a deRham complex can be constructed as in [7] by considering differential forms graded by the dimension of M minus the degree,
with boundary operator ∂ U(1) = d − Ωc(T ). Austin and Braam [7] proved that this complex computes the same homology as the equivariant complex of currents introduced by Duflo and Vergne [13] and studied by Kumar and Vergne [18] . With this understood, we can consider the complex Ω * U(1) (O a ) associated to each critical orbit O a in M 0 . This will be a copy of the polynomial algebra IR[Ω] for each fixed point and a complex of IR[Ω]-modules with deRham forms in degree zero and one in the case of orbits that come from irreducibles.
We can form the bigraded complex that computes equivariant Floer homology as in [5] , defined by
with differentials
The analogous complex that computes equivariant Floer cohomology is given by
with coboundaries
Here r(η) is the deRham degree of η, i.e. the maximum degree of the elements of Ω * 0 (O a ) that appear in the expression of η. Notice that, as pointed out in [5] , for dimensional reasons the maps D a,b are trivial whenever µ(O a ) > µ(O b ) + 3.
Equivariant Floer homology
We can prove that the composites D 2 and δ 2 are zero. Moreover we can see that there is a duality at the level of forms that induces a duality between equivariant Floer homology and cohomology as in [5] and [7] . [5] . The statement about the pairing follows from the identity
We define the equivariant Floer homology and cohomology to be
Topological invariance
In the present section we want to show that the Floer groups constructed this way are topological invariants, in the sense that they are independent of the choice of the metric and of the perturbation. This is certainly the case under the assumption that b 1 (Y ) ≥ 2. In fact this case there are no reducible solutions, hence a cobordism argument can be used to construct a morphism of the chain complexes that gives an isomorphism of the cohomology groups. In the case when b 1 (Y ) = 1, the metric and the perturbation cannot be chosen arbitrarily. This was already noticed in [4] in the case of the invariant associated to the moduli space M (which is the Euler characteristic of the Floer homology, [20] ). However, given two generic metrics, it is possible to find a path of metrics joining them and an open set of sufficiently small perturbations ρ such that the invariant does not change. The dependence which is introduced in this case is rather mild and it amounts to a choice of a homology class in H 1 (Y ; Z Z). The case of a homology sphere [24] is rather different. In fact in this case there is an explicit dependence on the metric ( [10] , [17] ). The interesting fact about the equivariant Floer homology is that it is instead metric independent. In fact also in this case we have a condition on the kernel of the Dirac operator, Ker(∂ A ) trivial at the reducible solutions, that breaks the space of metrics into chambers with co-dimension one walls. However, in this case it is possible to construct a chain homomorphism between the Floer complexes that correspond to different metrics, and a chain homotopy. (1)(g 0 ,ω0 ) , D) and (C * U (1)(g 1 ,ω1 ) , D) that induce the isomorphism in homology. The analogous construction works for cohomology groups. Consider on Y × IR the perturbed "gradient flow" equations with respect to the metric g t . Denote {O a , O b , · · ·} the critical orbits for the metric g 0 and {O a ′ , O b ′ , · · ·} the critical orbits for the metric g 1 . As in proposition 2.1 we have that the moduli space M(O a , O a ′ ) of solutions modulo gauge is a smooth
Define a degree zero homomorphism of the Floer complexes
The maps e The next step is to prove that the map I is a chain homomorphism. We want the relation I • D − D • I = 0 to be satisfied. This corresponds to the expression
The right hand side is zero. In fact the components of the co-dimension one boundary of M(O a , O b ′ ) are of the form
Moreover, Stokes theorem gives an expression of (e
* η in terms of the boundary information. Now consider another path of metricsg t that connect g 1 to g 0 . Construct the corresponding homomorphism
as in the previous case.
The statement of the theorem now follows if we show that there is a chain homotopy H such that
In order to define H let us consider the manifold Y × IR endowed with the metric γ 1 which is
Consider a path of metrics γ σ with σ ∈ [0, 1] that connects γ 0 = g 0 + dt 2 to γ 1 , such that for all σ the metric γ σ is the product metric g 0 + dt 2 outside a fixed large interval [−T, T ].
Let M P (O a , O b ) be the parametrized moduli space of (A(t), ψ(t), σ), solutions of the perturbed gradient flow equations with respect to the metric γ σ , modulo gauge. Consider a family of perturbations such that
Now we can define the degree-one map H to be
The identity (22) which proves that H is a chain homotopy can be rewritten as the following two identities:
and, for a = b,
The identities (23) and (24) can be proved by applying Stokes theorem to their explict expression, and using the fact that the co-dimension one boundary , , O a ) ).
QED

Comparison with non-equivariant Floer theory
We want to compare the equivariant Floer homology with the ordinary Floer homology in the cases where the latter is defined, i.e. when b 1 (Y ) is non-trivial [20] or when Y is a homology sphere, [24] .
In the case when b 1 (Y ) is non-trivial we expect to find that the equivariant Floer homology, which is computed by considering framed moduli spaces, is isomorphic to the ordinary Floer homology computed in the unframed space. In fact this is the analogue of the well known result for equivariant cohomology of a finite dimensional manifold, where if the action of the group is free, then the equivariant cohomology is just the ordinary cohomology of the quotient,
In the case of a homology sphere instead we expect to find an exact sequence that connects the equivariant Floer homology with the ordinary Floer homology and an extra copy of IR[Ω] that corresponds to the unique reducible solution that has been removed in the computation of the Floer homology.
We first need a more detailed description of the equivariant complex. For a given orbit O a the complex of equivariant forms is given by
with the total grading
Here Ω is of degree 2 and l is the grading in the dual deRham complex where forms are graded by dim(O a ) − * . Thus we have
and so on, where η a is the one form that generates H 1 (S 1 ) and 1 a is the constant function equal to 1 on O a .
The differential is given by ∂ G = d −Ωc(T ), whereΩ is the element in the dual of the Lie algebra iIR such that <Ω, Ω >= 1 under the trace pairing, and c(T ) is the contraction with the vector field T generated by the infinitesimal action of U (1).
It is easy to see that the differential of the equivariant complex Ω * ,U(1) (O a ) acts as
The homology of this complex (for a fixed irreducible orbit O a ) is therefore one copy of IR (corresponding to the generator 1 ⊗ η a ) in degree zero and zero in all other degrees. This is just the usual result that the equivariant homology of O a with a free action of U (1) is isomorphic to the ordinary homology (with real coefficients) of the quotient, that is of a point. Now let us consider the bigraded complex where several orbits are considered. The bigraded complex is of the form
The equivariant boundary operator can be written explicitly in components of the form D :
Here
* η a = n ab η b . The coefficient m ac comes from the integration of the one-form η a over the one-dimensional fibre of the moduli space
* η a = m ac 1 c . Now we can define a chain homomorphism that maps the equivariant to the non-equivariant complex.
Let us first work in the case with no reducible solution (i.e. with b 1 (Y ) > 0). In this case for each O a that appears in the equivariant complex we have a generator IRa that appears in the non-equivariant complex (coefficients in IR).
Now we define the chain map
Let i k act on the generators as follows
for all values of n and µ(O a ),
if µ(O a ) = k, and in all other cases
This means that the map i k kills all the generators in degree k that are not the generator of the equivariant homology of some orbit O a of degree k.
With this definition it is clear that i * is a chain map. Thus it defines a subcomplex of C * ,U(1) (Y ) given by Q * = Ker(i * ) with the restriction of the boundary operator D. Proof: The complexes C k,U (1) , Q k , and C k all have a filtration by index. For C k,U (1) the filtration is given by
The complex Q * is written as
It has a filtration by index of the form
On the other hand also the non-equivariant complex has a filtration by index of the form
IRa.
Thus we can look at the spectral sequences associated to the filtrations and prove that i induces a map of spectral sequences and an isomorphism of the E 1 -terms of the spectral sequences associated to the filtration of C * ,U(1) and of C * . Thus we get the resulting isomorphism of the E ∞ terms, i.e. of the homology of C * ,U(1) and of C * . Lemma 7.5 Let E U(1) , E Q , and E be the spectral sequances associated to the filtration of the complexes C U(1) , Q and C respectively. The chain map i * induces a map of spectral sequences. Moreover, in the case when b 1 (Y ) > 0 the map i * induces an isomorphism of the E 1 -terms
Proof: Consider the filtration of C * ,U (1) . The E 0 kl terms of the spectral sequence are given by E
and the differentials E 
But since the O a are irreducible orbits, with a free U (1) action, the equivariant homology is concentrated in degree zero, IRa.
QED
Thus the map i * induces an isomorphism on the E 1 -terms of the two spectral sequences, hence on the E ∞ -terms, namely on the homology
This completes the proof of theorem 7.4. QED Now let us consider the case when the manifold Y is an integral homology sphere. In this case there are also terms in the equivariant complex that come from the reducible solution θ = [ω, 0]. We assume that θ has index zero, µ(θ) = 0.
Theorem 7.6 Let Y be an integral homology sphere. Then there is an exact sequence
In the equivariant complex in degree k we have an extra generator Ω k ⊗ θ. The boundary maps that come from the equivariant complex associated to the degenerate orbit ω with the trivial action of U (1) are trivial: in fact the equivariant homology of a point is
However, there are non-trivial boundary maps that hit the generators Ω n ⊗ θ. These can be described as follows. Suppose O a is the orbit of an irreducible solution with index µ(O a ) = 1. Then we have a moduli spaceM(O a , θ) that is 1-dimensional and that fibres over θ with a 1-dimensional fibre. Thus the pullback-pushforward map acts as
where m aθ is the integration along the 1-dimensional fibre of the 1-form (e + a ) * η a . This gives rise to a component of the boundary map of the form
Moreover, there is a non-trivial boundary map that comes from the moduli spaces that connect the reducible to generators with the orbits with µ(O a ) = −2.
Now the map i k is defined as before with the additional condition that it kills the extra generator Ω k ⊗ θ.
Lemma 7.7 Let Y be a homology sphere. Then the homology of the complex Q * is just the equivariant homology of the point θ,
Proof: The complex Q * contains the extra generator Ω k ⊗ θ in degree k and this generator appears in all levels of the filtration Q k (n) for any n ≥ 0, since θ is of degree zero.
Thus if we look at the spectral sequence associated to the filtration of the complex Q * we find E
This complex is clearly acyclic because the differentials are just the equivariant differentials for each orbit and no generator survives in homology because we are counting only l + 1 ≥ 1, hence the terms 1 ⊗ η b are suppressed (in fact they are not in Ker(i * )). On the other hand for k = 0 we get
with trivial differentials, so that the E 1 -terms are
. This means that the homology of the complex Q * is actually H * ,U(1) (θ) = IR [Ω] . QED Thus if we consider the long exact sequence induced by the short sequence
This proves theorem 7.6. QED The connecting homomorphism in the above long exact sequences is particularly interesting.
Proposition 7.8 Suppose given a representative a x a a in SW H 2k+1 (Y ), with Y a homology sphere. The the connecting homomorphism in the long exact sequence is given as
Here a sum over repeated indices is understood, over all critical points with
Proof: The map is defined by the standard diagram chase and by adding boundary terms to find the right representative. For a cycle a:µ(Oaa)=2k+1 x a < a > we have a:µ(a)=2k+1 x a n ab = 0 for any b with µ(O b ) = 2k. The element a x a a has a preimage x a 1 ⊗ η a under i 2k+1 . Adding the element a,c x a m ac 1 ⊗ 1 c , which is in the kernel of i we get
Itereting this procedure one gets that in fact the image of the diagonal map △ k ( a:µa=2k+1 x a < a >) is given by
Wall-crossing formula for the Casson-type invariant
In this section, we will apply the equivariant Seiberg-Witten-Floer homology theory to study the dependence of the metric for the Casson-type invariant [9] [20] [24] . To define the Casson-type invariant, we choose the metric whose ordinary Dirac operator has trivial kernel. The metrics whose ordinary Dirac operator has non-trivial kernel consist of a co-dimensional one subspace, hence there are two chambers in the space of metrics where the Casson-type invariant is well-defined. The usual cobordism argument can be adopted to prove that the Casson-type invariant is constant in each chamber. The aim of this section is to get a wall-crossing formula for a path of metrics that crosses the wall. Denote by λ SW (Y, g) the Casson-type invariant for the metric g: λ SW (Y, g) is the Euler characteristic of the non-equivariant Seiberg-Witten-Floer homology. Recall that this Floer homology [24] is defined by removing the reducible critical point, the trivial solution θ = [ω, 0]. We have
Fix metrics g 0 , g 1 in each chamber. Without loss generality, we can assume that the generic path of metrics g t on Y hits the co-dimension one wall once, with the property that the relative Morse index with respect to the reducible critical point decreases by 2 when the metric changes from g 0 to g 1 . This means that the Dirac operator for the metric hitting the wall has kernel of complex dimension one. From the topological invariance of the equivariant Seiberg-Witten-Floer homology, we have the following isomorphism: SW H k,U (1) (Y, g 0 ) ∼ = SW H k−2,U(1) (Y, g 1 ) .
First of all, we express the Casson-type invariant (8) in terms of some alternating sum of the equivariant Seiberg-Witten-Floer homology groups. We consider the Casson-type invariant for metric g 0 . The exact sequences given in 7.6, relating the equivariant to the non-equivariant Seiberg-Witten-Floer homology, and the fact that we have H * ,U(1) (θ) = IR[Ω] give tha following result. • For k < 0, SW H k (Y, g 0 ) = SW H k,U (1) (Y, g 0 ).
Given the above information, we can calculate the Casson-type invariant for the metric g 0 as, 
